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ABSTRACT. This paper provides a construction and existence proof for a 1-parameter family of
chiral unbalanced triply-periodic minimal surfaces of genus 4. We name these gyrating H’-T
surfaces, because they are related to Schoen’s H-T surfaces in a similar way as the Gyroid is to
the Primitive surface. Their chirality is manifest in a screw symmetry of order six. The two
labyrinthine domains on either side of the surface are not congruent, rather one representing the
quartz net (qtz) and the other one the dual of the quartz net (qzd). The family tends to the
Scherk saddle tower in one limit and to the doubly periodic Scherk surface in the other. The
motivation for the construction was to construct a chiral tunable unbalanced surface family,
originally as a template for photonic materials. The numeric construction is based on reverse-
engineering of the tubular surface of two suitably chosen dual nets, using the Surface Evolver to
minimize area or curvature variations. The existence is proved using Weierstrass parametrizations
defined on the branched torus.

Triply-periodic minimal surfaces (TPMSs) are periodic symmetric-saddle surfaces that divide
space into two network-like domains. They are epitomized by Alan Schoen’s Gyroid surface
[Sch70, Sch12]. The interdisciplinary interest in triply-periodic bicontinuous structures is driven by
the occurrence of related structures in chemistry and biology [HAL197, HOPO08] and as a useful
material design such as the now common ’gyroid infill’ in 3d printing applications. The cubic
(G)yroid and its two close relatives, namely Schwarz’ (D)iamond and (P)rimitive surfaces are,
among the many triply-periodic minimal surfaces, those that are most widely found in nano- or
micro-structured materials and tissues.

The study of TPMS has advanced through contributions from both the mathematical and
natural sciences. The productivity of this relationship, although perhaps not always fully recognized
[HST24], is epitomized by Schoen’s discovery of his Gyroid. Schoen, a trained physicist employed
by NASA, constructed the Gyroid using an ’infinite polyhedral model’ and devised a Weierstrass
parametrization for the Gyroid [Sch70, Sch12]), with mathematicians Grole-Brauckmann and
Wohlgemuth later proving its existence and that it is a minimal embedding [GBW96]. Grofe-
Brauckmann went on to establish the existence (and partial uniqueness) of constant-mean-curvature
companion surfaces to the gyroid [GB97] as well as numerical constructions of these that have
since been used in physical applications [SKM*07, STACE*13].

A similar interdisciplinary interplay established our understanding of families of TPMSs that
contain the Gyroid, Diamond, or Primitive surfaces as particular members, and therefore provide
transition pathways between these surfaces within the space of TPMSs. Meeks mathematically
described a five-parameter family containing the cubic P and D surfaces, but not the Gyroid
[WHM75, Mee90]. Hyde and Fogden enumerated Weierstrass parametrisations of an extended
set of these surfaces [FH92a, FH92b, Fog93] including surface families rG and tGL containing
the Gyroid [FH99]; these were later examined mathematically by Weyhaupt [Wey08] and their
existence eventually proved by Chen [Che2la]. Numerical analysis of their packing and curvature
properties was carried out by Fogden & Hyde [FH99] and others [STFH06, STVACT11, MSTM12].
Recent work in mathematics and materials science has identified further deformation families,
particularly an alternative deformation family of the Diamond surface [CW21a] that is different
from the classical tD family, an orthorhombic deformation family of Schwarz’ H surfaces [CW21b],
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gtz + gzd

FIGURE 1. The pair of interpenetrating dual nets that lead to the qtz-qzd surface
family, the quartz (qtz) net (orange) and its proper dual qzd network (blue). (A)
Perspective view; (B-D) top views along the ¢ axis of the qzd (A), qtz (B) qzd
and gtz nets. The translational unit cell (P6222) is the gray frame.

and a deformation of a (shifted) Gyroid [WCZ"24]; this deformation may relate to the recent
finding that the cubic Diamond is merely a saddle-point (rather than an unstable minimum) of the
free-energy functional for a copolymeric model [DGMG25].

Over the years, research in both natural sciences and mathematics has proposed numerous ways
to describe, enumerate or parametrize new TPMSs. In the natural sciences, there are approaches
based on space group or crystallographic symmetries by Fischer & Koch ([KF88| and other papers
in that series) and Lord & Mackay [LMO03], on tilings of hyperbolic plane by Sadoc & Charvolin
[SC89], on Weierstrass formula derived from Schwarz triangular tilings of the two sphere by Fogden
& Hyde [FH92a, FH92b], and other explicit parametrizations [GK00]. In mathematics, there
are approaches based on a Schwarz—Christoffel formula for periodic polygons in the plane by
Fujimori & Weber [FWO09], on the concept of discrete minimal surfaces [PP93, KP96], on gluing
methods [Tra08, CF22, CT24]. New TPMSs were recently constructed by deliberately breaking
symmetries [CW21la, CW21b, Che21a].

In addition to exact descriptions, methods to approximate or simulate TPMSs have been
instrumental in their exploration: Nodal surface formulae that approximate minimal or CMC
surfaces [vSN91] have become popular for their ease of use. Furthermore, a tool that has been
widely used in mathematics and natural sciences for the exploration of TPMSs is Kenneth Brakke’s
Surface Evolver [Bra92]. This software package uses a conjugate gradient solver to minimize
energy functionals (including the area functional, Willmore functional, etc.) on a surface, and
integrates functionality for crystallographic symmetries, boundary conditions, volume constraints,
etc. Brakke’s extensive TPMS library is testimony to its usefulness [Bra25] as are many other
applications in the context of area-minimizing surfaces [GB97, HACO09] and its use in this work.

Some properties of a minimal surface relate to intrinsic properties, unrelated to the embedding
in E3. In particular, the Gauss curvature K, the integral of which provides the Euler characteristic
and the variations of which are a homogeneity measure relevant for self-assembly [Hyd90], is
an intrinsic property. There are also many extrinsic properties. In particular, the relationship
between the minimal surface interface and the two skeletal (medial) graphs or surfaces often used
to illustrate the connectivity and geometry of the two labyrinthine domains on either side of the
surface.

This paper is the result of another interplay between mathematics and natural sciences on the
topic of TPMSs: We here describe the numerical and analytic constructions of a TPMS without
in-surface symmetries (that is, without mirror planes and without two-fold rotation axes embedded
in the surface). The absence of such symmetries means that a surface patch bounded by straight
lines or a plane line of curvature does not exist; therefore a bottom-up approach starting from a
Plateau patch is not possible.

Our numerical construction of the gyrating H-T is a top-down approach. We start with
two specific interpenetrating nets (namely the chiral qtz—qzd pair), with specific topology and
symmetry, with the goal of determining a minimal surface interface that separates those nets. We
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determine a mesh approximation using a numerical construction in Surface Evolver (based on a
procedure suggested by de Campo, Hyde et al [HICO09]), which is good enough to determine the
location and nature of the flat points (those with zero Gauss curvature).

Based on that information, we determine a Weierstrass parametrization of the surface. It turns
out that this can be done in one of two ways. One way, explored in an earlier unpublished version
of this manuscript by a subset of the current authors (available as an arXiV preprint [MSSTM18]),
is using the knowledge of the flat points to determine a Weierstrass function in the spirit of work
by Fogden & Hyde [FH92a, FHI2Db|, particularly in relation to the so-called irregular class [Fog93].
This is based on the “traditional” spherical Weierstrass parametrization, which is the inverse of
the stereographically projected Gauss map.

Before joining the project, Chen had been working on the existence proof of the tG and rGL
families [Che21a] and a construction of minimal surfaces by gluing Scherk saddle towers [CT24].
Upon reading [MSSTM18], he noticed that the Scherk tower limit of the family can be produced
by the gluing method [CT24]. Moreover, he recognized that the gyrating H-T surfaces are to the
H’-T surfaces what the tG surfaces are to the tP surfaces. Therefore, the existence can be proved
using a Weierstrass parametrization defined on a torus, see section 2, in a similar manner as was
done for the deformation families of the Gyroid [Che21a].

1. NUMERICAL CONSTRUCTION FROM THE DUAL INTERTHREADED QTZ—QzD NETS

We construct a unique triply-periodic minimal surface from a dual pair of interpenetrating
nets (specifically the quartz net and its dual). A tubular representation of one of the nets is
‘evolved’ numerically to a TPMS. One of its two disjoint domains is homeomorphic to a tubular
neighbourhood of the qtz net while the other is homeomorphic to the qzd net.

1.1. Dual pair of qtz and qzd nets. We consider the pair of dual interpenetrating 3D networks
known as the quartz (qtz) net and the gzd net [DFOYO03], both documented in reticular chemistry
structure resource (RCSR, [OPRY08]), see Figure 1.

The gtz net has symmetry group P6522, with identical four-coordinated vertices, all at symmetry
site 3¢ (in Wyckoff notation), and with a single type of edge along the two-fold axes with Wyckoff
symbol 6j. The dual net of qtz is the qzd (quartz dual) net, with the same space group. The qzd
net has a single type of vertex, at Wyckoff position 3a with symmetry 222, on the six-fold 62 screw
axis in vertical (¢) direction. The qzd net has two edge types: a vertical edge along the 62 screw
axis and a horizontal edge along a two-fold rotational symmetry axis. The nodes of the qzd net
are planar and four-coordinated, with edges at 90°. The qtz-qzd structure has one free parameter
(the value of the crystallographic ¢/a), in addition to the lattice parameter a which only represents
an affine scaling.

The qtz-qzd network pair was chosen, following advice by Michael O’Keeffe, as it represents
two dual nets that are not identical, that have chiral screw symmetries and a free parameter. This

FIGURE 2. The numerically evolved minimal surface that separates the qtz and
the qzd net. (A-C) the networks shown are the qtz and the gzd net. (D-F) the
networks shown are the medial axes as calculated from the minimal surface, as
the curves tracing the center lines that are most distance from the minimal surface.
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was motivated by our optical work in which we sought chiral sheet-like prototype geometries for
photonic crystals with a tunable chiral pitch.

Following the philosophy set out by O’Keeffe, Hyde and others, the quartz (or qtz) net and the
gzd net, shown in Figure 1(a) and (b), are an adequate choice for the generation of a well-defined
dividing surface, as they are duals (in the notion of Appendix II of [Sch70]) of one another and of
the same symmetry (called proper duals [BDFOPOQT]).

1.2. Evolution of tubular net to a mesh approximation of the minimal surface. As the
next stage of the construction, a discrete representation (triangulation) of an interface between
the qtz and the qzd nets can be generated, which is neither smooth nor area-minimizing. This
can be the tubular surface, or a discretisation thereof, around one of the two networks; or a
culled Voronoi diagram of a set of points on the two graphs (with all Voronoi faces removed that
separate points on the same graph [dICDFHO13, HPK*25]). The resulting triangulated surface
can be evolved towards a minimal surface, by using a conjugate gradient scheme with a function
f1S] = [¢(H — Ho)?dS with Hy = 0 and H the point-wise mean curvature. Leaving mathematical
details aside, minimisation of this functional to f[S] = 0 yields the same minimal surface as does
area-minimisation with a fixed (but here unknown) volume constraint [GB97]. For a general surface,
it is however not guaranteed that a minimum with constant H = 0 can be reached by a topology-
and/or symmetry-preserving evolution, however for the qtz-qzd surface it works (We have used
this method for 0.4 < ¢/a < 2.9).

We have used Brakke’s conjugate gradient solver Surface Evolver [Bra92] to determine a
surface minimising f[S], starting from a tubular mesh around the gtz net. To a high degree of
numerical accuracy, the resulting surface has f[S] = 0, with discrete point-wise mean curvatures
verified to vanish. By computer-visual inspection, all symmetries of the original symmetry group
are preserved.

The mesh representation we obtain is of sufficiently high quality to determine the flat points
(the points with Gauss curvature K = 0) and their nature. In an earlier pre-print version of this
article [MSSTM18] (see in particular section 4.2), we identified these flat points.

When one constructs the medial surface of the gtz domain and reduces it to a one-dimensional
net, with nodes and edges tracing lines of maximal distance to the surface, it turns out that that
'skeletal graph’ is not the four-coordinated qtz net, but rather a net, known as eta [RKET05],
with the same symmetry group with three-coordinated vertices. See Fig. 2 (F).

2. TorIC WEIERSTRASS PARAMETERIZATION

There is another way to approach the previously described surface. It relates to Allan Schoen’s
model of the H’-T surface [Sch70] and gives rise to our name for this surface as the gyrating H-T
surface family.

Schoen described a surface that he called H-T [Sch70]. Its translational unit consists of three
“catenoids”, one bounded by two regular hexagons and the other two bounded by two equiangular
triangles, with catenoidal axis all in vertical direction (i.e., crystallographic ¢ axis), see Fig. 3.
Apart from periodic translations, and H'-T surface also admits a six-fold rotation symmetry around
the vertical axis through the center of the hexagons, and two-fold rotational symmetries around
the horizontal axes that interchange the two hexagons.

The skeletal graphs of the H'-T surface are, as per the reticular chemistry structure resource, the
graphs bnn and hex (which, individually and as a pair, have symmetry group 191, P6/mmm), see
Fig. 3 (C and D). The space group of the H'-T surface is, therefore, space group 191 (P6/mmm).

This means that the surface has six-fold rotational symmetry around a vertical axes (the vertical
edges of the hex net) and horizontal two-fold rotational symmetry axes (the horizontal edges of
the hex net).

The construction of the gyrating H’-T surface (separating the qtz-qzd nets) is based on the
following idea: The six-fold rotational axis of the H-T surface changes into a six-fold screw axis
(62) in the gyrating H-T surface. The two-fold rotations, while preserved, no longer intersect in
the same point on the screw axis, but rather become a staggered ’ladder’ of two-fold axes shown in
Fig. 1.
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It was observed in [GBW96, Lemma 4] that, as one travels along the associate family, the
rotational symmetries listed above are preserved, except for the rotational symmetry around the
vertical axis, which is reduced to a screw symmetry.

We define H to be the set of embedded TPMSs of genus 4 that admit order-6 screw symmetries
around vertical axes and order-2 rotational symmetries around horizontal axes.

Note that pure rotations are screw transforms with 0 translation. So Schoen’s H-T surfaces
belong to H.

Our key result is the statement that there exists another 1-parameter family in H, different to
Schoen’s H’-T surface. We derive an explicit Weierstrass formula for that surface and prove the
following theorem:

Theorem 2.1. Apart from Schoen’s H-T surfaces, there is another 1-parameter family of TPMS
of genus 4 with the following properties:

(1) Each TPMS in the family admits a screw symmetry of order 6 around a vertical axis, and
rotational symmetries of order 2 around horizontal azes.

(2) The family tends to Scherk saddle towers in one limit and to doubly periodic Scherk surfaces
in the other limit.

In [CT24], this family was constructed implicitly and proved to be unique near the saddle tower
limit. This guarantees that the two constructions we provide (that is, above in terms of the dual
qtz-qzd net and below in terms of the gyrated H-T surface) give the same surface family.

2.1. Weierstrass parametrization. Let M be a TPMS of genus ¢ invariant under the lattice
translations A (i.e., M/A is the translational unit cell). Meeks [Mee90] proved that the Gauss
map G represents M/A as a (g — 1)-sheeted conformal branched cover of the sphere S?, and
Riemann-Hurwitz formula implies 4(g — 1) branch points (counted with multiplicity) corresponding
to the zeros of the Gauss curvature (counted with multiplicity).

We use the following form of Weierstrass parametrization that maps a point p on the Riemann
surface to a point in R? and that traces back to Osserman [Oss64],

(1) p—Re /p(whwz,w:a)

2

On the Riemann surface ¥ the functions wy, ws,ws must all be holomorphic. In particular, the
holomorphic differential ws = dh is called the height differential. G denotes (the stereographic
projection of) the Gauss map. The triple (X, G, dh) is called Weierstrass data.

The purpose of this section is to determine the Weierstrass data for surfaces in H from their
symmetries. In particular, 3 will be a branched torus, whose branch points are determined in
Lemma 2.6. The height differential is determined in Lemma 2.4, and the Gauss map is explicitly

given by (2).

ke [ (EC UGG

Remark 2.2. Most textbooks only mention the Weierstrass parameterization where ¥ is taken
as a simply connected domain in the complex plane. Now that we allow ¥ to be any Riemann
surface, the parameterization becomes more flexible and powerful. Different choices of ¥ should
lead to the same result, but particular choices often bring convenience. For instance, to parametrise
a TPMS, one could use a branched cover of the sphere as ¥ (as was done by Schoen [Sch70],
Meeks[ WHM75, Mee90], Fogden & Hyde [FH92a, FH92b, Fog93], and many others, and as we also
did in an earlier arXiv version of this manuscript [MSSTM18]). In this paper, as screw symmetries
are concerned, we will instead use branched cover of tori as X, which allows us to employ elliptic
functions.

2.2. Weierstrass data on tori. Surfaces in H all admit screw symmetries. The following Lemma
justifies our choice of branched tori for . Here, M is the infinite periodic surface, A are the lattice
translations and therefore M/A the (primitive) translational unit cell. S is the screw symmetry,
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and therefore (M/A)/S the surface patch from which the translational unit is obtained by applying
the screw symmetry S.

Lemma 2.3. If a TPMS M of genus 4 admits a screw symmetry S, then (M/A)/S is of genus
one.

The simple proof (given in section C) uses the Riemann—Hurwitz formula
g=n(g —1)+1+B/2

that relates the genus g of the translational unit cell M/A (in our case g = 4) to the genus ¢’ of
the translational unit cell modulo S, i.e. (M/A)/S. n is the degree of the quotient map, and B
is the total branching number. The proof simply considers each of the small number of discrete
possibilities.

The height differential dh, being a holomorphic 1-form on the torus, must be of the form re~*dz.
Varying the modulus r only results in a scaling. Varying the argument 6 gives the associate family,
so we call 8 the associate angle:

Lemma 2.4. If a TPMS M/A with a screw symmetry S is represented on the branched cover
of the torus (M/A\)/S, then up to the scaling, the height differential dh must be the lift of e~ dz
(note the sign!).

2.3. Locating branch points. If the order of S is prime, the following formula from [FK92]
allows us to calculate the number of fixed points:
2g — 2¢g’ order(S)
order(S) — 1
In particular, a screw symmetry of order 2 fixes exactly six points. They correspond to zeroes and

poles of G?. The following lemma follows from the same argument as in [Wey06, Lemmas 3.9,
3.13].

Lemma 2.5. If a TPMS of genus 4 M/A admits a screw symmetry S of order 2, then G? descends
to an elliptic function on the torus (M/A)/S with three simple zeros and three simple poles.

| fix(S)| = 2+

We now try to locate the branch points of the covering map for surfaces in H. Since the
ramification points on M /A (i.e. points where the covering map fails to be a local homeomorphism)
are all poles and zeros of the Gauss map, our main tool is naturally Abel’s Theorem, which states
that the difference between the sum of poles and the sum of zeros (counting multiplicity) is a
lattice point.

A surface in H admits a screw symmetry S of order 6, S% is then a screw symmetry of order 2.

Lemma 2.6 (Compare [Wey06, Lemma 3.10]). Let M be a TPMS of genus 4 admitting a screw
symmetry S of order 6, hence parametrized on a branched double cover of the torus (M/A)/S3. If
one branch point is placed at 0, then the other branch points must be placed at 3-division points.

Here, a point p in the torus is a 3-division point if 3p = 0. Or, equivalently, if we see the torus
as the quotient of the complex plane over a lattice, then a point is a 3-division point if 3p is a
lattice point. See Appendix D for the proof of this lemma.

Let the quotient torus be spanned by 1 and 7 € C. Without loss of generality, we may then
assume that the zeros of G2 are at 0, 1/3, and 2/3, while the poles of G? are at 7/3, 7/3 +1/3,
and 7/3 4+ 2/3. See Figure 4.

Then G? has the explicit form

0(z;7)0(z — 3;7)0(2 + 3;7)
0(z+ 2570z — 2 — 4,70z — T+ 5;7)]
where 6(z; 7) is the Jacobi Theta function.
The factor p is called the Lépez—Ros factor [LR91]. Varying its argument only results in a

rotation of the surface in the space, hence only the norm |p| concerns us. We choose p so that
G? =1 at the rotation center 7/6.

G*(2)=p
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FIGURE 3. Schoen’s H'-T surface: (A) Photograph of a plasticine model created
by Alan Schoen. (B) The H'-T surface can be constructed by copy-translations
from a hexagonal catenoidal patch and two adjacent triangular catenoidal necks,
all aligned in the vertical axis (that is, the crystallographic ¢ axis). (C) The
hexagonal lattice (hex) representing the skeletal graphs on one side of the surface
(D) The bnn net representing the other skeletal graph. (E) The dual pair of hex
and bnn nets. (Image (A) reproduced from Figure 13 of [Sch70]).

Equivalently, by [Law89, (9.6.6)], we can write
6(3z;37)
03z —1;37)’

where p' = —¢'™7/3 is again chosen so that G?(7/6) = 1.

(2) GQ(Z) — ple2z’7rz

2.4. Twisted catenoids. We choose three branch cuts along the straight segments from 7/3+k/3
toT+k/3, k=0,1,2. Assume dh = e~™/2 = —jdz for the moment. We now study the image of
the Weierstrass parametrization

From the quasi-periodicity of 8 function

0(z+ (m+n7);7) = (—1)m+”e_i"2”e_2m“9(z; T),

we note that
G?(z +1/3) = —e¥™/3G2(2).
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7'/’ ® ® ®

FIGURE 4. Branched torus on which our surface is parametrized. Dashed
segments are branched cuts. Solid circles are the zeros of G2, empty circles are
the poles, and x represent symmetry centers, corresponding to fixed points on the
surface under order-2 rotations with horizontal axis.

By the same argument as in [Che21b], we know the following

(1) For each branch of the branched torus, the part 0 < Imz < Im7/3 is mapped by the
Weierstrass representation to a twisted catenoids bounded by curved triangles. These
triangles are congruent, right-angled, and lie in horizontal planes at height 0 and Im 7/3,
respectively. Moreover, they share a rotational symmetry of order 3 around vertical axis.

(2) The part Im7/3 < Imz < Im7 of the branched torus is mapped to a twisted catenoid
bounded by curved hexagons. These hexagons are congruent, right-angled, and lie in
horizontal planes at height Im 7/3 and Im 7, respectively. Moreover, they share a rotational
symmetry of order 6 around a vertical axis.

(3) Because of our choice of the Lépez—Ros factor p, all these twisted catenoids admit rotational
symmetries of order 2 around horizontal axes that exchange its boundaries.

See Figure 5 for a typical example.

2.5. Period problem. As one travels from the twisted catenoids along the associate family, the
twisted catenoid opens up into a ribbon bounded by triangular or hexagonal helices. For adjacent
ribbons to “fit exactly into each other” [GBW96], we need that the poles and zeros of the Gauss
map are (i) aligned along vertical lines over the vertices of a hexagon-triangle tiling, and (ii)
alternatingly arranged and the vertical width of the hexagonal ribbon doubles that of the triangular
ribbon.

The ratio of the vertical width is actually a consequence of the positions of the branch points.
The requirements listed above form a sufficient condition for the immersion.

To be more precise, we define the pitch of a helix to be the increase of height after the helix
makes a full turn. We need that the pitch of each triangular helix is three times the minimum
vertical distance between the poles and the zeros. As a consequence, the pitch of each hexagonal
helix, which doubles the pitch of triangular helices, must be six times the minimum vertical distance
between the poles and the zeros.

This means that the integral of the height differential dh from 0 to 1 triples the integral from 0
to 7/3. Or equivalently, the integral from 0 to 1/3 equals the integral from 0 to 7/3. This can be
easily achieved by adjusting the associate angle 6 to (compare [Wey08, Definition 4.2])

0=0,(1)=arg(r — 1) —7/2.
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FIGURE 5. Image of Weierstrass representation assuming bonnet angle 6 = 7 /2,
seen from below, showing two twisted triangular catenoids (corresponding to the
lower third of the branched torus), and two twisted hexagonal catenoids (one of
these corresponds to the upper two thirds of the branched torus, the other one is
a lattice translation included for clarity).

We now calculate the associate angle in another way, using the fact that the images of 0 and 7
are vertically aligned, i.e. have the same horizontal coordinates.
First note that, because 7/6 is a center of symmetry, we have

/OT/?’ dz/G = /OT/S dz -G =: (1)

We may place the image of 0 at the origin. First look at the surface with § = 0, hence dh = dz.
Then the horizontal coordinates of the image of 7/3 are

/3 i
Re/o (%(é - @), 5% +G)>dz = (0, — Im (1))

Then we look at the surface with = 7/2, hence dh = e~"/2dz = —idz (the conjugate surface).
Then the coordinates are

Re/OT/B ( - %(é - G),%(é +G)>dz = (0,Re(7)).

So for the surface with associate angle 6, the first coordinate is always 0, while the second coordinate
—cosOIm (1) + sin @ Re ()
vanishes when
0 = On(r) := arg (7).
We have shown that
Lemma 2.7. The Weierstrass data given by Lemmas 2.4 and (2) define an immersion if and only

if

or more explicitly,

(3) argY(r) = arg(t — 1) — /2
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H-T conj H'-T
0.6 0.6

051 +0.5

FIGURE 6. Solution to the period problem (3) with 0 < Re7 < 1.

FiGUrE 7. Gyrating H’-T surfaces with Re7 = 0.2,0.4,0.6, 0.8, from left to right.

3. EXISTENCE PROOF

In Figure 6, we show the numerical solutions to (3) with 0 < Ret < 1, accompanied by two
circular arcs. Our task is to prove the existence of the continuous 1-parameter solution curve that
we see in the picture. Let the shaded domain in the figure be denoted by ; := {7 | Im7 > 0,0 <
Rer < 1,|7—1/3|>1/3,|7 —2/3| > 1/3}.

Proposition 3.1. There exists a continuous I-dimensional curve of T in Qy that solves (3). This
curve tends to 0 at one end and to 1 at the other end. Moreover, the TPMSs of genus 4 represented
by points on the curve are all embedded.

The proof for this proposition is found in Appendix E. In its essence, it constructs a solution
to the period problem in terms of the parameter 7. Surfaces with the same symmetry near the
saddle tower limit have been constructed in [CT24] by a gluing constructions. Those surfaces have
been proven to be embedded and unique, and hence must belong to the curve above near the limit
0. Their embeddedness then ensures the embeddedness of all TPMSs on the curve. This follows
from [Wey06, Proposition 5.6], which was essentially proved in [Mee90].

In Figure 7, we show four gyrating H’-T surfaces.

3.1. Acknowledgement. We are grateful to Michael O’Keeffe for his suggestion of the qtz-qzd
as a chiral pair of networks with a tunable pitch. We are grateful to Robert Kusner and Karsten
Grofle-Brauckmann for early discussions of the period problem.
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APPENDIX A. USE OF SURFACE EVOLVER TO OBTAIN APPROXIMATE MINIMAL SURFACE

FIGURE 8. Four different stages illustrating the minimisation of the area functional
using conjugate gradient descent method in Surface Evolver [Bra92]. See Appendix
A2.2. The boundary conditions respect the translational periodicities imposed by
the P6222 space group symmetry with lattice parameters ¢ = a = 1. The blue
coloured network is the qzd network and the orange coloured network is the qtz
(quartz) network. Figure (a) shows a triangulated tubular neighbourhood of the
quartz network and figure (c) shows the final surface, S* after convergence.
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APPENDIX B. ASYMPTOTIC BEHAVIOR

We now prove that

Lemma B.1.

Rer
5

N | —

/3
lim argy(r) = lim arg/ G(z)dz =
0

Im 17— +oc0 Imr—+oc0
Proof. In the limit Im 7 — +o00, by the expansion [DLMF, (20.2.1)]
0(z;7) = 2¢"/*sin(z) + o(¢'/%),

where ¢ = exp(inT), we have

G(Z) ~ \/_ SiH(7T3Z) eim(22—7/3)

sin(7(3z — 7)

i3z _ p—im3
_ | eim3z _ o—im3z eiﬂ'(z—T/G)
eim(32—7) _ p—im(32—7) ’
as Im7 — 4o0.

Now we divide 9(7) into two integrals

T/3
B(r) = $1(7) + ol / Gz [ ac:

In the integral ¢4 (7), 7 — 3z > 7/2. So as ImT — +00, we
i3z _ p—im3z

- = im(z=7/6)
e—im(3z—7T) € dz

, /6 .
— em’r‘r/?) [eim6z _ 177 ]y
0
—inT/6
. e 3
T e Vvwb —1 .
— 76””—/3 dw 271'2).

- 1 " (w=e

(4)

Note that
Vwb —1
‘ w? ’ <w
we have
1 o ImT/6
|(4)| < 76771'Im'r/3 zdx
m 1
1 —mImT 1
= g(l — € I /3) — %
as Im7 — +o0. So wl( ) is bounded.
In the integral 1o(7), 3z > 7/2. So as Im 7 — +o00, we
e— T3z .
im(z—7/6)
//6 \/ezw(BZT) — e—im(32—T) ¢ dz
/6 —im(T—3¢) .
€ im(T/6—
:/ gl (8¢=71-32)
0
T/6 —271'
_ e—iTrT/3 / ¢
0 Ve~ 17r6C _
—inT/6
P e d .
_ :‘_67””—/3 1 u_ (U _ 677,71'()

17r'r/6

gimr / —vdv (v =1/w)

1—1}6
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Note that the integral in the last line converge to the bounded real integral

1
xdx
1= ———€R
/0 V1 — 26
as Im 7 — +o0, so

i .
w2(7_) ~ 716—2777—/3.
7
As Im 7 — 400, 19 is dominant, so

lim argy(r)= lm argys(r)=

Im7T—+oc0 Im7—+oc0

DN | =
Wl

ApPPENDIX C. PROOF OF LEMMA 2.3

Proof. The height differential dh is invariant under S, hence descends holomorphically to the
quotient (M/A)/S. Since there is no holomorphic differential on the sphere, the genus of (M/A)/S
cannot be 0.

Recall the Riemann-Hurwitz formula

g=n(g'—1)+1+ B/2.

In our case, g = 4 is the genus of M/A, ¢’ is the genus of (M/A)/S, n is the degree of the
quotient map, and B is the total branching number. Since the S is of order at least 2, we conclude
immediately that ¢’ < 3. It remains to examine the case ¢’ = 2. Without loss of generality, we
may assume the screw axis to be vertical. When ¢’ = 2, we have 3 = n + B/2. Recall that n > 1
and that the Gauss map G represents M/A as a 3-sheeted branched cover of S? with branching
number 12. More specifically, we have 12 branch points of branching number 1, none fixed by the
screw symmetry.

One solution is given by n = 3 and B = 0. Then S is a screw symmetry of order 3 and
G? represents (M/A)/S as a 3-sheeted branched cover of S? with branching number 4. By
Riemann-Hurwitz formula, (M/A)/S has genus

g =3x0—1)+1+4/2=0#2,

which is impossible.

Another solution is given by n = 2 and B = 2. Then S is a screw symmetry of order 2 and
G? represents (M/A)/S as a 3-sheeted branched cover of S? with branching number 6. Again By
Riemann-Hurwitz formula, (M/A) has genus

¢ =3x0-1)+1+6/2=1%#2,

again impossible.
So ¢’ = 1 is the only possibility. O

APPENDIX D. PROOF OF LEMMA 2.6

Proof. The screw symmetry of order 6 descends to the quotient torus as a translation that permutes
the zeroes and, respectively, the poles. Let ¢t € C be the translation vector. Then ¢ must be a
3-division point. That is, 3¢ must be a lattice point.

We may assume that the branch point at 0 corresponds to a zero of G2. Then t and —t are also
zeroes of G2. Let the poles of G2 be p, p+t and p — t. Then Abel’s Theorem requires that 3p is a
lattice point. In other words, p is a 3-division point.

We have then proved that all branch points are at 3-division points. O
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FIGURE 9. Image of [ G -dz when Re7 = 0 (left) and when Re7 = 1. The solid
circle is the image of 0, the empty circle is the image of 7/3.
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FIGURE 10. Plot of G? for with |7 —1/3| = 1/3 (left) and |7 — 2/3| = 1/3. The
arrow points from 0 to 7/3. The dashed lines highlight the symmetries.

APPENDIX E. PROOF OF PROPOSITION 3.1 (EXISTENCE)

Proof. We examine the angles 6, and 65 on the boundaries of ;.

On the vertical line Re7 = 0, we see immediately that 0 < 0, < 7/2. With 6 = 7/2, this line
corresponds to the H'-T family, we know very well that the image of 7 is directly above the image
of 0 when dh = e~*"/2dz. Hence ), = 7/2 > 6,,. In particular, the image of [ G - dz with 6 = 7/2
is shown in Figure 9 (left).

On the vertical line Re T = 1, we see immediately that 6, = 0. With # = 0, this line corresponds
to the conjugate of H-T surfaces. In particular, the image of [ G - dz with § = 0 is shown in
Figure 9 (right), from which we can read that 6, > 0 = 6,.

As Im7 — oo, we see immediately that 6, — 07. In Appendix B, we have compute that
0n, — (1/2 — Re7/3)m. Hence for any value of ReT < 1, we have 6, > 6, as long as Im 7 is
sufficiently large.

When 7 is on the circular arc |7 — 1/3] = 1/3, the Gauss map exhibits many symmetries similar
to CLP surfaces; see Figure 10 (left). In particular, G is real positive on the straight segment
from 0 to 7/3, which gives immediately that 0;, = arg(7) = arg7. But it follows from elementary
geometry that 6, > argT =0,

When 7 is on the circular arc |7 — 2/3] = 1/3, the Gauss map again exhibits many symmetries,
similar to the previous case; see Figure 10 (right). In particular

e on the straight segment from 0 to (1 — 7)/3, arg(G) = —7/6 and |G| < 1;

e on the straight segment from (1 —7)/3 to (1 4+ 7)/6, |G| = 1 and arg(G) decrease from
—m/6 to —7/3;

e on the straight segment from (1 +7)/6 to 7/3, arg(G) = —n/3 and |G| > 1;

e on the straight segment from 7/3 to (27 — 1)/3, arg(G) = 7/6 and |G| > 1;

e on the straight segment from (27 — 1)/3 to —(1 — 7)/6, |G| = 1 and arg(G) increase from
/6 to 7/3;

e on the straight segment from —(1 — 7)/6 to 0, arg(G) = 7/3 and |G| < 1.
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FIGURE 11. TImage of Weierstrass parametrization assuming 6 = 0, — /2 (left)
and § = 0, (right). Both seen from above. The red point is the image of 0. The
blue point is the image of 7/3.

The region bounded by these segments is exactly the region bounded by the dashed lines in
Figure 10 (right).

This allows us to explicitly sketch the image of the Weierstrass parametrization with 0 =
arg(l — 7) = 6, — /2. Up to translation and scaling, it is bounded by six straight segments
between the points

(0,2,h), (=V3,1,h), (0,—2,h), (0,-2,0), (—V3,-1,0), (0,2,0),

in this cyclic order. See Figure 11 (left). Then by conjugation, we can sketch the image with
0 = arg(r/2 —1/6) = 6,. It is a minimal surface with free boundary condition on the faces of a
prism over a kite; see Figure 11 (right). We see that the y-coordinates of the images of 0 and 7/3
switched order, implying that 8, € (6, — 7/2,6,). In particular, 8;, < 6,.

Note that 6;, and 6, are both real analytic functions in the real and imaginary part of 7, hence
the solution set of the period condition (3) is an analytic set. By the continuity, we conclude
that the solution set contains a connected component that separates the circular arcs from the
vertical lines and the infinity. Because of the analyticity, we may extract a continuous curve from
the connected component. In particular, this curve must tend to 0 in one limit (correspond to
Karcher—Scherk saddle towers with six wings), and tend to 1 in the other limit (correspond to
doubly periodic Scherk surfaces).

Surfaces with the same symmetry near the saddle tower limit have been constructed in [CT24]
by gluing constructions. They are proved to be embedded and unique, hence must belong to the
curve above near the limit 0. Their embeddedness then ensures the embeddedness of all TPMSs on
the curve. This follows from [Wey06, Proposition 5.6], which was essentially proved in [Mee90]. O
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