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1. Introduction

TPMS represents a nonintersecting, infinite 3D periodically orga-
nized continuous surface with vanished mean curvature, dividing
space into two intricately intertwined subdomains while preserv-
ing open cavities.[1] TPMSs have been extensively identified across
various biological systems, and their highly symmetrical struc-
tures coupled with optimized physical properties have sparked

considerable interest in developing novel
functional materials by drawing inspiration
from nature’s designs.[2] Compared to
lattice structures that have been exten-
sively investigated,[3] The unique topological
features of TPMSs make them highly
desirable for multifunctional applications,
which has motivated researchers to explor-
ing their mechanical and structural
properties in depth.[4] Particularly, TPMSs
feature smooth surfaces devoid of sharp
edges and corners, thereby effectively avoid-
ing stress concentrations and enhancing
load-bearing capacity and stability, exhibit-
ing high stiffness-to-weight ratio, large
surface-to-volume ratio, and enhanced
mechanical energy absorption capabilities.[5]

These advantageous properties render
TPMSs highly valuable across multiple
aspects of engineering and offer broad
application potential in lightweight struc-
tures, energy storage and conversion,
thermal management, wave propagation
control, healthcare applications, etc.[6]

Up to now, several experimental, compu-
tational, and analytical methods have been developed to investigate
the linear and nonlinear mechanical responses of TPMS struc-
tures, including elastic properties, yield strength, energy absorp-
tion, and deformation mechanisms.[7] The mechanical behaviors
of TPMSs are affected by a multitude of factors, including printing
substrates, topological configurations, relative densities, repeating
units, lattice orientations, etc.[8] In particular, when the substrate is
fixed, the mechanical properties of structures are determined by
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Triply periodic minimal surface (TPMS) structures hold great potential as
mechanical materials due to their exceptional strength-to-weight ratios and
energy absorption capabilities. However, the limited number of known structural
types poses a barrier to a profound comprehension and utilization of their
mechanical properties. Herein, the mechanical properties and deformation
mechanisms of eight recently discovered bifurcating TPMS structures charac-
terized by noncubic symmetries are reported. These polymeric metamaterials are
fabricated by fused deposition modeling, followed by quasistatic compression
tests conducted across multiple loading directions to evaluate their anisotropic
mechanical responses. Experimental results show that the bifurcating TPMS
structures generally exhibit enhanced strength compared to classical counter-
parts, particularly in the direction of bifurcating deformation. Additionally, finite-
element simulation is employed to simulate the failure behavior and it is found
that stress concentration varies in different structures, which is closely related to
the geometry types and deformation mechanisms. These results demonstrate the
suitability of bifurcating TPMS structures for load-bearing applications and may
pave the way for innovative designs and fabrication of efficient lightweight
mechanical structures in the future.
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their geometric characteristics. Consequently, multifunctional
TPMS materials with controllable geometric morphology and
mechanical properties can be realized by geometric design strate-
gies such as interpenetrative,[9] hybrid,[10] gradient,[11] heteroge-
neous,[12] multiscale,[13] and topology optimization.[14] However,
current advancements are primarily based on the most symmetric
and topologically simplest TPMSs with genus 3. These include
well-known primitive (P), diamond (D), and gyroid (G) surface
structures with cubic symmetry. The focus of research on these
highly symmetrical structures significantly restricts the explora-
tion of new intrinsic structural designs and mechanical properties
for TPMS-based materials.

Hermann Schwarz, the German mathematician who con-
structed the first TPMSs including P and D, was already aware
of their tetrahedral and rhombohedral deformations, now known
as tP, tD, rPD, etc. Tetrahedral and rhombohedral deformations
of the G surface were numerically discovered in the 1990 s and
recently proved by one of the authors.[15] Recently, new ortho-
rhombic deformations of the D and hexagonal (H) surfaces have
been mathematically constructed. The noncubic deformations
of TPMS would result in continuous variations of structural
configurations, offering an infinite variety of mechanical charac-
teristics. As the underlying lattice deforms, a TPMS typically
responds by undergoing a unique deformation while maintain-
ing its minimal surface characteristics. However, in certain spe-
cial cases, the same lattice deformation can lead to distinct
mathematical solutions for the TPMS at specific points—a phe-
nomenon known as bifurcation. In such instances, the structure
splits into different configurations, resulting in varied deforma-
tions. These bifurcating structures merit particular attention
due to their unique mathematical and physical properties.
Recently, eight bifurcating TPMSs among classical TPMS
families were first predicted using the Morse index and later
explicitly confirmed by Chen while discovering new examples
of TPMSs.[15,16] However, the mechanical properties of these
bifurcating TPMS structures have never been reported, and it
remains unknown whether their bifurcated feature brings
unique mechanical properties.

In this study, the mechanical properties and deformation
mechanisms of the eight bifurcating TPMS structures have been
investigated. All structural models were fabricated using fused
deposition modeling (FDM) 3D printing. These structures are
particularly interesting due to their deformation modes and non-
cubic symmetry. Therefore, compression tests were performed
in multiple orientations and compared with the three most
common TPMS structures, namely, the G, D, and P surfaces.
Additionally, finite-element (FE) simulations were conducted
to analyze the stress distribution and transfer during compres-
sion deformation to provide a deeper understanding of the struc-
tural compressive mechanical behavior.

2. Results and Discussion

2.1. Construction of the Bifurcating TPMS Structures

Every TPMS of genus 3 admits a Weierstrass representation
of the form[17]

z ↦
Z

p
ð1� z2, ið1þ z2Þ, 2zÞ dz

w
(1)

where w2 is a polynomial of degree 8 or 7.
The rPD surfaces (Figure 1a) can be seen as consisting of

catenoids bounded by antiparallel triangles. Its Weierstrass
representation is given by w2 ¼ zðz3 � a3Þðz3 þ a�3Þ. Let
r be the inradius of the triangles and h be the height of the cat-
enoids. It was found that the ratio h=r attains maximum at
a ≈ 0.494722,[16a] corresponding to our rPD-max surface.

The H surfaces (Figure 1b) can also be seen as consisting
of triangular catenoids, but bounded by parallel triangles. Its
Weierstrass representation is w2 ¼ zðz3 � a3Þðz3 � a�3Þ.
Again, let r be the inradius of the triangles and h be the height
of the catenoids. It was found that the ratio h=r attains maximum
at a ≈ 0.49701,[16a] corresponding to our H-max surface.

Similarly, the tP surfaces (Figure 1c) can be seen as consisting
of square catenoids with Weierstrass representation of
w2 ¼ z8 þ az4 þ 1. Let b be the edge length of the squares
and h be the height of the catenoids. The ratio h=b attains maxi-
mum at a ≈ 28.7783,[16a] corresponding to our tP-max surface.

From the tP surface with a ≈ 7.40284, a new deformation fam-
ily named tΠ was recently noticed.[16b] They share the same
tetragonal lattices with the tP surfaces, but with different symme-
try. As one deforms the tetragonal lattice, the horizontal handles
deform uniformly along the tP deformation path. But along the
tΠ deformation path, the handles in the x direction shrink while
the handles in the y direction expand. The tΠ family turns out
to be a subfamily of oPa, a 2-parameter orthorhombic deforma-
tion family of Schwarz P surface, which is in turn a subfamily of
Meeks family.

The tD surfaces are conjugate of tP surfaces, so their Weierstrass
data was given byw2 ¼ �z8 � az4 � 1. From the tD surface with
a ≈ 7.40284, a new deformation family named tΔ was recently
discovered.[16b] They share the same tetragonal lattices with the
tD surfaces, but with different symmetry. To construct a t-Delta
surface (Figure 1d), one considers a tetragonal box and a minimal
hexagon with free boundary condition on the lateral faces of the box
and fixed boundary condition along middle lines in the top and
bottom faces. Then the reflections in the lateral faces and order-
2 rotations around the fixed boundaries give a TPMS of genus
3. The tD surfaces correspond to one solution of this boundary
value problem, characterized by an order-2 rotation axis in the
middle of the box. This is actually the only solution when the
box is sufficiently high. But for small heights, another solution
was recently noticed, corresponding to the new tΔ surface.

From the H surface with a ≈ 0.71479, a new deformation
family that shares the same hexagonal lattices as the H surfaces
was discovered.[16c] The H family and the new family are both
subfamilies in the orthorhombic oH family. To construct an
oH surface (Figure 1e), one considers an orthorhombic box, and
a minimal octagon with free boundary conditions on the lateral
faces of the box, and fixed boundary conditions along middle
lines in the top and bottom faces, with an inversion center.
Then the reflections in the lateral faces and order-2 rotations
around the fixed boundaries give a TPMS of genus 3. The
oPb surfaces give one solution, characterized by an order-2 rota-
tion axis in the middle. The oH surfaces give another solution.
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From the tD surface with a ≈ 28.7783, conjugate to the tP-max
surface, emerges a tetragonal deformation family tG containing
the G surface (Figure 1f ). It shares the same lattice as the tD
surfaces, but with different symmetry. The tG surfaces were first
discovered by Fogden et al.[18] and recently rigorously proved.[15]

They only exist for tetragonal lattices with sufficiently small
heights. As one decreases the height from the bifurcation point,
the surface could deform along the rPD path and preserve the
straight lines parallel to the order-4 rotation axis, or deform along
the rGL path while these straight lines deform into a helices, and
the order-4 rotation symmetries become screw symmetries.

From the rPD surface with a ≈ 2.02133, conjugate to the
rPD-max surface, emerges a rhombohedral deformation family
rGL (Figure 1g), containing the G surface and the Lidinoid. It
shares the same lattice as the rPD surfaces, but with different sym-
metry. The rGL surfaces were also discovered by Fogden et al.[18]

and recently rigorously proved.[15] They only exist for rhombohedral
lattices with sufficiently small heights. As one decreases the height
from the bifurcation point, the surface could deform along the rPD

path and preserve the straight lines parallel to the order-3 rotational
axis, or deform along the rGL path while these straight lines deform
into a helices, and the order-3 rotation symmetries become screw
symmetries. The relevant structures are shown in Figure 1.

The structural units of eight bifurcating TPMSs were obtained
using Surface Evolver. For surfaces in the tD family (i.e., tD-tG
and tD-tDelta surfaces), we generated their “flächenstück”
bounded by six straight edges by minimizing the surface area.
Other surfaces lie in the tP, rPD, and H families; we generated
the corresponding square or triangle catenoids by minimizing
either the surface area or the Willmore energy (integral of
squared mean curvature). The results were then imported into
the 3D modeling software Houdini to get the periodic lattices,
and then Boolean operations were performed with a cube to
obtain the target structure model. Considering their structural
anisotropy, which causes mechanical properties to vary with
direction, the structures were oriented along different axes to
enable corresponding printing directions. The modeling process
and the loading direction of the structures are shown in Figure 2

Figure 1. Illustration of the mathematical models. a) rPD surface, b) H surface, c) tP surface, d) oDelta, a surface in the orthorhombic family, which
includes tDelta surfaces as a special case, e) oH, a surface in the orthorhombic family, f ) tG, and g) rGL surface. (a–c) Reproduced with permission.[15]

Copyright 2021, Indiana Univ. Math. J. (d) Reproduced with permission.[16b] Copyright 2021, American Mathematical Society; (e) Reproduced with
permission.[16c] Copyright 2021, American Mathematical Society; (f–g) Reproduced with permission.[24] Copyright 2024, Walter de Gruyter GmbH,
Berlin/Boston.
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with the representative measuring directions from top (-T),
left (-L), and front (-F), respectively. Some models are symmetri-
cal equivalent in left and front directions, so only one direction
was studied. The physical models were obtained by FDM 3D
printing with polylactic acid (PLA) filament. The size of all
printed models is 40� 40� 40mm (Figure 3).

2.2. Mechanical Characterizations

To investigate the mechanical properties of the eight bifurcating
types of TPMS structures, uniaxial quasistatic compression tests
were carried out using an FR-103C testing machine with 50 KN
load cell. The experiments were performed at room temperature
with a strain rate of 1 mmmin�1. The loading direction was
consistent with the printing direction of all samples, and the
test was terminated upon reaching the densification stage. As
shown in Figure 4, all mechanical curves exhibited three distinct
regions: the linear elastic stage, the plastic stage, and the densi-
fication stage. In the linear elastic stage, the slope of the
stress–strain curve corresponds to the elastic modulus of the
structure. The plastic stage was characterized by stress fluctua-
tion or a yield plateau, which are indicative of the deformation
mechanism of the structure. Finally, the densification stage
shows a sharp increase in stress with increasing strain.

For H-Max (Figure 4a), the mechanical properties exhibited
notable variations across the three directions. Specifically, the
peak stress values for H-Max-L and H-Max-F were ≈80% higher
than those of H-Max-T, while the elastic modulus exceeded that

of H-Max-T by 115%. In the plastic stage, H-Max-F showed a
relatively stable deformation process, while H-Max-T and
H-Max-L exhibited significant fluctuations, suggesting multiple
instances of collapsing and reloading during compression. On
the contrary, H-oH exhibited smaller mechanic anisotropy
(Figure 4b). The linear elastic stages for all three directions were
almost identical, with the peak stress variations within 3%.
However, the plastic deformation behavior of H-oH was similar
to that of H-Max, with successive increase in deformation fluc-
tuations observed for H-oH-F, H-oH-T, and H-oH-L. The com-
parison of the mechanical properties of the two structures
showed that difference in bifurcation deformation has a notable
influence on the structure’s mechanical anisotropy.

rPD-Max exhibited obvious mechanical anisotropy (Figure 4c),
with distinct stress–strain curves in the linear elastic stage across
different directions. Notably, the plastic deformation behavior
of rPD-Max-L showed repeated collapse and reloading, judging
from the severe alternation of peaks and valleys. The structures
in the other two directions showed relatively mild plastic
deformation. For rPD-rGL (Figure 4d), the stress–strain curves
of rPD-rGL-L and rPD-rGL-F were similar, aside from differen-
ces in plastic stage fluctuations. Although rPD-rGL-T exhibited
the lowest stress–strain curve, its plastic behavior was close to
ideal plastic deformation, demonstrating more stable energy
absorption characteristics.

For tD-tDelta, tD-tG, tP-Max, and tP-oPa, the front and lateral
directions are symmetrical equivalent, so only one of them was
tested. The tD-tDelta-T showed lower peak stress but exhibited

Figure 2. Schematic diagram of the modeling process and loading direction of eight bifurcating TPMS structures. a) H-Max, b) H-oH, c) rPD-Max,
d) rPD-rGL, e) tD-tDelta, f ) tD-tG, g) tP-Max, and h) tP-oPa.
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stable plastic deformation. In contrast, higher peak stress with
unstable plastic deformation was observed for tD-tDelta-L
(Figure 4e). The mechanical behavior of tD-tG was similar to that
of tD-tDelta; however, the lattice orientation inversely affected its
mechanical properties, resulting in tD-tG-T being stronger
(Figure 4f ). Similarly, the difference in mechanical curves

between tP-Max and tP-oPa was also direction dependent.
Plastic deformation across different directions was comparable,
and the anisotropy was mainly reflected in peak stress and elastic
modulus (Figure 4g,h).

To understand the deformation mechanisms of these struc-
tures, deformation snapshots were captured during compression

Figure 3. Optical photos of 3D-printed bifurcating TPMS structures with different orientations. a) H-Max, b) H-oH, c) rPD-Max, d) rPD-rGL, e) tD-tDelta,
f ) tD-tG, g) tP-Max, and h) tP-oPa.

Figure 4. Stress–strain curves of bifurcating TPMS structures with different directions. a) H-Max, b) H-oH, c) rPD-Max, d) rPD-rGL, e) tD-tDelta, f ) tD-tG,
g) tP-Max, and h) tP-oPa.
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at different strain levels. Figure 5 illustrates the deformation
processes of H-Max and H-oH structures. The H-Max-T initially
exhibited an oblique shear band (Figure 5a), followed by a
layer-by-layer collapse mechanism. During this process, the voids
gradually closed from the central position toward both ends. This
phenomenon was consistent with the fluctuations observed
in the plastic stage of the stress–strain curve. Similarly, the
H-Max-L structure displayed a comparable layer-by-layer defor-
mation pattern; however, the shear band orientation was nearly
horizontal. In contrast, the H-Max-F demonstrated overall defor-
mation characteristics during compression, with microcracks
evenly distributed across the structure. This behavior aligned
with the plain plastic stage in its stress–strain curve.

The compressive responses of the samples were further ana-
lyzed using FE methods. While different printing paths may
affect thermal history in FDM, it was reported that these differ-
ences are mainly reflected in the material strength rather than
modulus.[19] The elastic properties of the material vary little
across different printing directions.[20] The stress distributions
and stress concentrations in different structures are mainly
determined by the geometric shape. Therefore, an isotropic
material model was adopted for obtaining stress distribution,
which greatly improves computational efficiency without signifi-
cantly affecting the prediction of stress distribution. The stress
distribution from the FE simulation, as depicted in Figure 5b,
is closely linked to the deformation shear bands. Initially, the
stress in H-Max-T was centralized and then spread across each
layer, resulting in layered compaction until densification.
Conversely, the stress in H-Max-L was initially concentrated at

the top and bottom, leading to the collapse of the upper structure.
As strain increased, the stress migrated toward the central
region, transforming the structure into a highly stressed solid.
For H-Max-F, uniformly distributed vertical stress bands were
observed, which shortened vertically and widened horizontally
as strain increased until densification was achieved.

Since the structural units of H-oH and H-Max are similar,
their deformation processes exhibited comparable characteris-
tics. For H-oH structure (Figure 5c), all three axes showed
layer-by-layer deformation. The H-oH-L was notably distinct,
exhibiting horizontal shear bands alongside severe oscillations
in the stress–strain curve. Both H-oH-T and H-oH-F structures
developed oblique shear bands but differed in their compression
patterns: H-oH-T from the middle to both ends, and H-oH-F
from top to bottom. In the FE simulation (Figure 5d), the initial
stress distribution of the H-oH-T structure was X-shaped, with
concentrated stress and strain in the central part, which then
transferred to both ends until densification. The H-oH-L and
H-oH-F exhibited horizontal and vertical stress bands, respec-
tively. Notably, both H-Max and H-OH structures are composed
of basic unit of catenoids, where the waist is the weakest point.
Therefore, both structures exhibited a similar deformationmech-
anism under compressive load, breaking from the waist.

The compression and FE simulations for the rPD-Max
and rPD-rGL structures are presented in Figure 6. The deforma-
tion mode of rPD-Max showed directionality characteristics
(Figure 6a). rPD-Max-T showed a stable overall compression
behavior with widespread microcracks distributed uniformly.
It is worth noting that the rPD-Max-T structure consists of

Figure 5. Compression processes and FE simulations of a,b) H-Max and c,d) H-oH structures under different load directions. The blue dotted lines
represent shear bands, and the colors indicate the local level of stress (von Mises stress).
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catenoid-based units. The waists of these catenoids are oriented
perpendicularly to the loading direction, which resulted in
horizontal cracking patterns during deformation. This led to
the concurrent failure of all structural components and contrib-
uted to the observed stable compressive behavior, characterized
by uniformly distributed microcracks. The rPD-Max-L structure
experienced slip fractures propagated along the pore direction,
forming oblique shear bands. This behavior is attributed to
the weak structural connectivity across the pore region during
slippage, causing a sharp drop in stress. As strain increased, rup-
ture occurred within the pore regions successively, resulting in
significant fluctuations in the stress–strain curve. The rPD-Max-F
also developed an oblique shear band under load, with pores
gradually closed from top to bottom. The FE analysis presented
in Figure 6b reveals that the stress distribution within the
rPD-Max-T structure was generally uniform. However, there
were notable areas of localized stress non-uniformity. These
localized stress variations led to different extents of localized fail-
ure. Despite these failures, the overall deformation behavior
remained consistent throughout. Additionally, the high-stress
distributions observed in both the rPD-Max-L and rPD-Max-F
are consistent with the experimental shear bands.

The deformation behavior of rPD-rGL under the three loading
directions exhibited different characteristics (Figure 6c). rPD-rGL-T
was uniformly compressed under loading, maintaining equal dis-
tance between layers. rPD-rGL-L appeared as a cambered shear
band and collapsed gradually from top to bottom. There are two
opposite oblique shear bands displayed in rPD-rGL-F, with failure

along these shear bands. The stress distribution in rPD-rGL-T
showed an overall uniform pattern, with localized stress concentra-
tions. In contrast, the stress in rPD-rGL-L and rPD-rGL-F was con-
centrated along the experimental observed deformation shear
zones (Figure 6d).

Figure 7 illustrates the compression deformation and FE sim-
ulations of tD-tDelta and tD-tG structures. For tD-tDelta, the
difference between tD-tDelta-T and tD-tDelta-L lies in the num-
ber of repeating units along the loading direction, a characteristic
also observed in tD-tG-T and tD-tG-L. As shown in Figure 7a,
both the D-tDelta-T and tD-tDelta-L underwent a layer-by-layer
deformation; however, the former was compressed from bottom
to top, while the latter was compressed from top to bottom. The
same was observed for tD-tG-T and tD-tG-L, but both were
compressed from top to bottom (Figure 7c). When comparing
the experimental results and simulations, they exhibit consistent
layer-by-layer deformation mechanisms, as evidenced by the
FE simulations (Figure 7b,d); however, the order in which layers
collapse may differ. The discrepancies between simulation
and experimental results may arise from three key factors:
manufacturing errors inherent to the layer-by-layer process,
which particularly affect weak connections in structures like
tD-tG; differences in boundary conditions, as simulations
assume uniform constraints while experiments have asymmetri-
cal loading due to fixed lower ends and moving upper plates; and
simplified friction coefficients in simulations that may overcon-
strain certain structures. Despite these local differences, the
overall deformation mechanisms remain consistent between

Figure 6. Compression process and FE simulations of a,b) rPD-Max and c,d) rPD-rGL structures under different load directions. The blue dotted lines
represent shear bands, and the colors indicate the local level of stress (von Mises stress).
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simulations and experiments, with discrepancies decreasing as
strain increases. In addition, from the comparison between
the tD-tDelta and tD-tG structures, it was found that increased
periodicity along the loading direction enhances compressive
mechanical properties.

The compression behavior and FE simulations of the tP-Max
and tP-oPa structures are shown in Figure 8. The tP-Max-T and
tP-Max-L structures are different in the orientation of the long
axis of their elliptical pores relative to the applied load,
where the former is parallel to the loading direction while the
latter is perpendicular to it. A similar distinction exists between

tP-oPa-T and tP-oPa-F, but in contrast to the situation with
tP-Max-T and tP-Max-L. As shown in Figure 8a, a V-shaped shear
band appeared in the tP-Max-T structure, causing progressive
collapsed from top to bottom along the shear band. The
tP-Max-L showed a horizontal shear band and failed layer by
layer. For tP-oPa (Figure 8c), the tP-oPa-T structure failed via
compression from both ends toward the center with horizontal
shear bands, while the tP-oPa-F structure experienced gradually
collapse along the X-shaped shear bands. The experimental
observations were closely matched by the FE simulations, as evi-
denced by the observed cracks and simulated high-stress regions

Figure 7. Compression process and FE simulations of a,b) tD-tDelta and c,d) tD-tG structures under different load directions. The blue dotted lines
represent shear bands, and the colors indicate the local level of stress (von Mises stress).

Figure 8. Compression process and FE simulations of a,b) tP-Max and c,d) tP-oPa structures under different load directions. The blue dotted lines
represent shear bands, and the colors indicate the local level of stress (von Mises stress).
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(Figure 8b,d). It was found that the mechanical properties were
significantly affected by the orientation of the long axis of the
elliptical pore relative to the applied load. When aligned parallel
to the loading direction, the vertical ellipses induced tensile
deformation patterns that enhanced structural integrity.

2.3. Discussion

To better understand the impact of bifurcation on the mechanical
properties of TPMS structures, the mechanical properties of
eight bifurcating TPMSs were compared with the three common
TPMSs, namely, G, D, and P surface structures. The 3D-printed
structures are shown in Figure 9a, with four typical crystallo-
graphic directions investigated. The stress–strain curves revealed
that G, D, and P structures exhibited increased levels of mechan-
ical anisotropy. Specifically, the P-[111] showed the highest
mechanical response while the P-[100] exhibited the lowest
(Figure 9b). Their snapshots records of the compression process
and the corresponding FE simulations showed layer-by-layer
deformation mechanisms consistent with previous findings
(Figure S1–S3, Supporting Information).[7b,e]

To compare the mechanical properties of all structures, the
mean values of peak stress and Young’s modulus were calculated
over three tests using the stress–strain curve data, as shown in
Figure 10 and Figure S4, Supporting Information. The structures
were categorized based on their deformation characteristics,
tetragonal (tD, tP) and rhombohedral (H, rPD). These were com-
pared to the baseline G, D, and P structures under equivalent
loading conditions and compared them with the G, D, and P
structures in corresponding loading directions. As shown in
Figure 10a, for tetragonal deformation structures of D, the stron-
gest tD-tDelta-L exhibited 26.5% higher peak stress than D-[100],
and tD-tG-T was 9.2% stronger than D-[100]. In the case of tetrag-
onal deformation of P, the peak stress of the strongest tP-oPa-L
exceeded P-[100] by 41% and tP-Max-T exceeded P-[100] by
19.4%. These results highlight that bifurcating structures exhibit
enhanced compressive mechanical properties. The comparison
of rhombohedral deformation structures (Figure 10b) also sup-
ports this conclusion. The rhombohedral deformed H generally
overperformed G, D, and P structures in most orientations,
except for H-max-T. For the rhombohedral deformation from

P to D, rPD-rGL-L and rPD-rGL-F showed 3.8% and 1.7% higher
peak stress than the strongest baseline P-[111]. A similar trend
was observed for the Young’s modulus (Figure 10c,d). The
specific energy absorption (SEA) of the samples is shown in
Figure S5, Supporting Information.

To compare with other categories of lattices,[21] Ashby chart
has been added to benchmark our bifurcating TPMS structures
(Figure 11). The bifurcating TPMS structures demonstrate excep-
tional performance due to its outstanding mechanical properties.
Despite their relatively low density, these structures exhibit high
yield stress and Young’s modulus compared to other structures,
which indicate an impressive strength-to-weight ratio and stiff-
ness. These results highlight the advantages of bifurcating
TPMS designs in terms of both modulus and strength.

In order to better understand their mechanical behaviors, the
scanning electron microscopy (SEM) investigations of typical
H-Max structures were carried out before and after compression
tests as shown in Figure S6, Supporting Information. The sam-
ples were loaded to reach 25% strain. Under SEM observation, it
can be observed that the sample layers are uniformly arranged
and closely connected before compression. During testing, the
curved structure of the sample undergoes significant bending,
with interlayer tearing occurring at the location where bending
is most pronounced. This suggests that, under conditions of
extreme deformation, interlayer strength remains a critical factor
influencing their mechanical properties. However, we can still
effectively analyze its mechanical properties by examining the
macroscopic deformation and stress distribution.

Therefore, we calculated and quantified how these stress dis-
tributions contribute to enhancedmechanical strength by extract-
ing the volumes of different stress intervals in the simulation.
Considering that structures typically reach peak stress at 5%
strain, which may result in significant material yielding, the vol-
ume proportions in all the structures were extracted at 4% strain
and categorized into seven stress intervals: [0, 10MPa], (10MPa,
20MPa], (20MPa, 30MPa], (30MPa, 40MPa], (40MPa,
50MPa], (50MPa, 60MPa], and (60MPa, 67MPa]. For compari-
son, the conventional cubic TPMS structures from [211] direc-
tions were also calculated. These results are summarized in
Table S1, Supporting Information. It can be observed that
tD-tDelta-L has a higher proportion of volume in the high stress
range compared to other structures, resulting in the highest

Figure 9. a) 3D-printed G, D, and P structures in different directions. b) Stress–strain curves of G, D, and P structures.
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structural strength. Most of the materials in tP-oPa-T are at
low stress levels, resulting in the lowest structural strength.
A more intuitive calculation can be performed using the
following formula

μdistribution ¼
XN
i¼1

V iσi (2)

where μdistribution is the evaluation indicator for stress distribu-
tion, σi is the average stress in the stress interval, for example,
the average stress in the (20MPa, 30MPa] stress interval is 25,
and V i is the volume fraction of the stress interval. The μdistribution
of the above structures are shown in Table S2, Supporting
Information. The proposed evaluation indicator for stress distri-
bution shows a good correlation with corresponding peak stress
of the same structure, which can reflect the relationship between
stress distribution and strength. In fact, the increase in peak
stress is a macroscale reflection of the improvement in stress dis-
tribution, and the comparison of peak stress can reflect the com-
parison of stress distributions. However, due to the inherent
limitations in simulation step sizes across different structures,
it is challenging to accurately capture the strain corresponding
to the peak stress but can only approach it as closely as possible.
On the other hand, the peak stress was obtained through experi-
ments, while the stress distribution index was obtained through
simulation. There will also be certain differences between exper-
imental and simulation results. Despite these differences, these

results yield valuable insights into the mechanical behavior of
these bifurcating structures.

From the structural point of view, the mechanical properties
were closely affected by the geometry of these surfaces. In view of
the mathematical gluing constructions,[22] it is convenient to sim-
plify the TPMSs as composed of simpler minimal surfaces such
as catenoids and helicoids. The vertical straight lines in tD-tDelta,
tD-tG, and rPD-rGL surfaces can be seen as the axis of helicoids.
When the minimal surface deforms along the classical family
(tD or rPD), the axes of helicoids remain straight. But when
the minimal surface deforms along the bifurcating family
(tDelta, tG or rGL), the axes become helical. On the other hand,
the H-Max, rPD-Max, and tP-Max surfaces can be seen as con-
sisting of catenoids. When the lattice deforms along the symme-
try axis of the catenoids, the waist of the catenoids may expand or
shrink. The H-oH and tP-oPa surfaces also consist of catenoids,
but bifurcation occurs when the surface deforms along a direc-
tion perpendicular to the axes of catenoids. The surface deforms
along the classical family (H or tP), the positions of the catenoids
remain symmetric; when the surface deforms along the bifurcat-
ing family (oH or oPa), the catenoids shift away from symmetric
positions.

A classical nonbifurcating TPMS, usually, does not remain as
minimal surface under the mechanical strain. For instance, when
the P surface is compressed along the [100] direction, the waist of
the catenoids needs to expand for the surface to remain minimal,
but they shrink instead under mechanical pressure. For another

Figure 10. Peak stress and Young’s modulus of all TPMS structures investigated in this study. The structures were categorized based on their deforma-
tion characteristics: a,c) tetragonal (tD, tP) and b,d) rhombohedral (H, rPD).
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instance, when the D surface is compressed along the [100] direc-
tion, the vertical straight lines need to remain straight for the sur-
face to remain minimal, but they would eventually break under
mechanical pressure. Notably, conventional TPMS structures
exhibit distinct anisotropic mechanical behaviors in various direc-
tions following structural modifications or deformation.[23] The
bifurcating TPMSs are special in that they accommodate an
unusual deformation that keeps the surface minimal. As we have
shown in the manuscript, this bifurcating phenomenon signifi-
cantly influences their mechanical properties by altering their
symmetry and introducing mechanical anisotropy. Mathematics
tells us that bifurcations only occur at nonsymmetric (noncubic)
deformations of classical surfaces (tD, tP, H, rPD). Moreover, the
new bifurcating branches are less symmetric than the classical
branches. Hence at a bifurcating surface, a deformation in the
direction that favors bifurcation brings uncertainty: certain sym-
metries may or may not break. Deformation in other directions,
however, would guarantee to break or preserve the symmetries.
For instance, when the tP-Max surface is compressed along the
T direction, the waist of the catenoids will shrink but the surface
remains minimal. Similarly, when the tD-tDelta or tD-tG surface

is compressed along the T direction, the vertical straight lines can
bend into helical and the surface remains minimal. Such bending
is the opposite for neighboring helicoids, causing stresses in the
structure. Thanks to the unique geometry, the bifurcating TPMSs
are more flexible and endure more pressure, which may explain
why they exhibit excellent mechanical properties.

The pattern of shear bands is also closely related to the geom-
etry. Helicoidal structures (e.g., tD-tDelta-T and tD-tG-T) break at
horizontal lines because these are the weakest connections.
Catenoidal structures (e.g., H-Max-F, rPD-Max-T, tP-Max-L,
and tP-oPa-T.) tend to break at their waist, forming horizontal
shearing bands. However, there are also oblique shearing bands
that appeared, as seen in tP-Max-T and tP-oPa-L. This can be
explained by the anisotropicity. The cubic P surface can be seen
as composed of catenoids with axes in either vertical or horizon-
tal. After a vertical deformation, the horizontal catenoids tilt, so
the symmetry breaks.

In addition, when the structural forms are the same (helicoids
or catenoids), the variation in the height of helicoids or catenoids
also plays an important effect on the structural mechanical
properties. For example, tD-tDelta and tD-tG showed different

Figure 11. Comparison between bifurcating TPMSs and other polymer-based metamaterials[21] under compression testing. a) Yield stress and
b) Young’s modulus versus materials density.
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number of repeating units under the same boundary condition
due to the different heights of the helicoids. The findings reveal
that the greater the number of repeating units along the loading
direction, the more favorable it is for the structure to maintain its
strength under compressive loads. Compared with the tD-tG-T
structure, the tD-tDelta-L structure, with the same number of
repeating units in the load direction but more repeating units
in the horizontal direction, exhibited a more uniform stress dis-
tribution and achieved the highest compressive stress.

This phenomenon is also reflected in structures composed of
catenoids, such as tP-Max and tP-oPa. Due to the different
heights of the catenoids surfaces, the orientation of the long axes
of the elliptical pores in the structures is distinct. The tP-Max-L
and tP-oPa-T structures, characterized by their flat elliptical
pores, are prone to local deformation dominated by bending,
thereby facilitating the collapse of layers and exhibiting lower
mechanical strength. Conversely, the elliptical pores in the
tP-Max-T and tP-oPa-L structures are vertical, which promotes
local deformation mainly caused by stretching, thus resulting
in stronger mechanical properties.

It is also worth noting that the bifurcating TPMSs are special
in that they accommodate an unusual deformation that keeps
the surface minimal. As we have shown in the manuscript, this
bifurcating phenomenon significantly influences their mechan-
ical properties by altering their symmetry and introducing
mechanical anisotropy. Mathematics tells us that bifurcations
only occur at nonsymmetric (noncubic) deformations of classi-
cal surfaces (tD, tP, H, rPD). Moreover, the new bifurcating
branches are less symmetric than the classical branches.
Hence at a bifurcating surface, a deformation in the direction
that favors bifurcation brings uncertainty: certain symmetries
may or may not break. Deformation in other directions, how-
ever, would guarantee to break or preserve the symmetries.
This leads to the significant mechanical anisotropy that we
observed here. However, it is still challenging to fully explain
their anisotropic response at the current stage. Further studies
are under way.

3. Conclusions

In this article, eight bifurcating TPMS structures were designed
and fabricated. Considering the anisotropy of these structures,
3D printing and compression tests were carried out from multi-
ple directions. The peak stress and Young’s modulus of these
samples were obtained from the experimental stress–strain
curves and compared to those of the commonly studied G, D,
and P structures. Our results demonstrated that the bifurcating
TPMS structures showed higher strength under compressive
loads compared to classical counterparts. Specifically, tetragonal
deformation structure tD-tDelta-L showed a 26.5% increase in
peak stress over D-[100], while tP-oPa-L exhibited a 41% improve-
ment relative to P-[100]. Furthermore, the rhombohedral defor-
mation structure rPD-rGL-L achieved a 3.8% higher peak stress
than the strongest structure P-[111]. In general, the investigation
of bifurcations expands the mechanical potential of TPMS struc-
tures. Their mechanical characteristics not only ensures the
durability of the material under load but also makes it highly
versatile for various applications where lightweight yet robust

materials are required. Besides, the deformation of the underly-
ing lattice opens up new opportunities for adjusting the struc-
tural geometry to achieve enhanced mechanical performance.
This advancement is crucial for advancing lightweight and mul-
tifunctional applications of TPMS structures, offering new pos-
sibilities for material design and optimization.

4. Experimental Section

Scaffold Design and Manufacturing: The generation of the bifurcating
TPMS structural units is detailed in Results and Discussion. The structural
units of eight bifurcating TPMSs were obtained using Surface Evolver,
which were then imported into the 3D modeling software Houdini to
get the periodic lattices, and then Boolean operations were performed with
a cube to obtain the target structure model. All samples were fabricated
using an FDM 3D printer (Raise 3D Pro2) with PLA filament with a diam-
eter of 1.75mm obtained from Polymaker components, and the main
printing parameters are given as follows: layer thickness of 0.15mm, print-
ing speed of 40mm s�1, nozzle diameter of 0.3 mm, printing temperature
of 205 °C, and build plate temperature of 60 °C. The size of all printed mod-
els was 40� 40� 40mm.

Mechanical Compression Test: All scaffolds were subjected to a uniaxial
quasistatic compression test using an FR-103C testing machine with
50 KN load cell at a strain rate of 1 mmmin�1 at room temperature to
evaluate the compression performance. The loading direction was consis-
tent with the printing direction of all scaffolds, and the test was terminated
after densification. Stress–strain curves were accordingly extracted by
dividing the recorded forces by the nominal cross-section area
(40� 40mm2) to get stress and dividing the change in the length along
the compressing direction by the initial length (40 mm) to obtain strain.
The engineering strain/stress was used in all the figures. Elastic modulus
and compressive strength were calculated according to the slope of the
first linear region in stress–strain curves and the highest recorded stress,
respectively. Images of the front view of these models were taken during
the compression process to record the deformation processes. The
mechanical properties of the base material were obtained from the uniaxial
compressive test on a PLA cylinder sample with a size ofΦ12.7� 25.4mm
and a loading speed of 1 mmmin�1 according to ASTM D695, giving an
elastic modulus of 1400MPa and yield stress of 57MPa.

Simulation Procedure: For FE simulation, the models were meshed
using FE meshing software Ntopology with element type C3D4 and then
imported into Abaqus 6.14 for FE calculation. The type of analysis per-
formed was explicit, dynamic. The mechanical properties of the materials
used in the simulation were measured experimentally, with an elastic
modulus of 1400 MPa, a Poisson’s ratio of 0.3, and a yield strength
of 57MPa, and the strain hardening phenomenon was considered.
The specific parameters of strain hardening were automatically gener-
ated by importing the curves obtained from compression experiments
into the “calibrations” module in Abaqus 6.14. In the simulation of each
structure, the upper and lower end faces were constrained by rigid bodies
to simulate the action of the compression plate in the experiment. The
contact was considered between the rigid body and the structure as well
as the structure itself. Therefore, we imposed the general contact on the
simulation model. In the contact property, the tangential behavior adopts
a penalty friction formulation with a friction coefficient of 0.3, and the
normal behavior is defined as hard contact. In all simulations, fix the
lower rigid body and impose displacement boundary conditions on
the upper rigid body to be consistent with the actual situation of the com-
pression experiments. The deformation, contact force, and Von Mises
stress contours of all structures are exported as simulation results.
The reliability of the simulation results is determined by comparing
the stress–strain curves obtained from both simulations and experi-
ments. Subsequently, the deformation mechanism of the structure is
analyzed based on the simulated stress contours.
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